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A Method to Count the Positive 3-Subsets in a Set of Real Numbers with
Non-Negative Sum
GIUSEPPE MARINO† AND GIAMPIERO CHIASELOTTI
Let a1, . . . , an be n real numbers with non-negative sum. We show that if n ≥ 12 there exist at
least
(n−1
2
)
subsets of {a1, . . . , an} with three elements which have non-negative sum.
c© 2002 Elsevier Science Ltd. All rights reserved.
1. THE PROBLEM
Let x1, x2, . . . , xr , y1, . . . , yn−r be n real numbers with non-negative sum, i.e.,
r∑
i=1
xi +
n−r∑
j=1
y j ≥ 0,
where x1, . . . , xr ∈ [0,+∞[ and y1, . . . , yn−r ∈] −∞, 0[. In what follows in this paper we
always suppose that
x1 ≥ x2 ≥ · · · ≥ xr ≥ 0 > y1 ≥ y2 ≥ · · · ≥ yn−r .
In 1998 Manickam and Singhi [1] stated the following conjecture (conjecture (MS)): if d ∈ N
and n ≥ 4d, there exist at least (n−1d−1)d+-subsets of {x1, . . . , xr , y1, . . . , yn−r }, i.e., subsets
z1, . . . , zd having d elements for which
∑d
j=1 z j ≥ 0.
This conjecture is in some sense the dual of the theorem of Erdo¨s–Ko–Rado (see [1]).
The most remarkable results to support the conjecture (MS) have be obtained by Bier and
Manickam in [2]:
1. The conjecture (MS) is true if n = ud, u ≥ 4 (Corollary 1 of [2]).
2. The conjecture (MS) is true if d = 2 (Corollary 3 of [2]).
3. If we set n in the form n = ud + v, where u ≥ 4 and v = 1, . . . , d − 1, the conjecture
(MS) is true if r ≤ min{ n−v−1
(d−1)(d−2) ,
n−v
d
} (Lemma 2 di [2]).
4. The conjecture (MS) is true if d = 3 and n ≥ 93 (theorem of [2]).
5. The conjecture (MS) is true if d > 3 and n ≥ d(d − 1)d(d − 2)d + d(d − 1)2(d − 2)+
d(v + 1) (see the theorem in [2]).
Moreover, in [3] it was shown that:
6. The conjecture (MS) is true if r ≤ d ≤ n2 (Proposition 2 of [3]).
7. The conjecture (MS) is true if it is true when d < r ≤ d−1d n (Proposition 5 of [3]). In
particular, by 3, 4 and 7 given above, it follows that to prove completely the conjecture
(MS) for d = 3 it is sufficient to prove it when
n
3
< r ≤ 2
3
n, n < 93.
Nevertheless, it is easy to see that it is sufficient to prove it for r < 13 n + 5, since when
r ≥ 13 n + 5 the set {x1, . . . , rr } contains a number of 3-subsets at least equal to
( 1
3 n+5
3
)
,
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and it results that
( 1
3 n+5
3
) ≥ (n−12 ) for each n ∈ N (in fact, this inequality is equivalent to
n3 + 666n + 1458 ≥ 4n2, which is true for any n ∈ N ).
Therefore, to prove completely the conjecture (MS) for d = 3 it is sufficient to prove it
when
n
3
< r < min
{
1
3
n + 5, 2
3
n
}
, n < 93.
Moreover, since 13 n+5 ≤ 23 n when n ≥ 15, the problem is reduced to show that the conjecture(MS) holds for
5 ≤ r ≤ 8 when n = 13, 14
and
1
3 n < r <
1
3 n + 5 when 16 ≤ n < 93, n 6= 3u. (1)
Finally, if we set n in the form n = 3u + v, u ≥ 5, V = 1, 2, (1) becomes
u + 1 ≤ r ≤ u + 5, u ≥ 5, V = 1, 2.
Let us note that u + 5 < 12 n for u ≥ 10.
Therefore, we distinguish the following two cases:
u + 1 ≤ r ≤ u + 5, 5 ≤ u ≤ 9, V = 1, 2 (2)
u + 1 ≤ r ≤ u + 5, 10 ≤ u ≤ 30, V = 1, 2. (3)
The method of proof that we shall use is quite simple, but our aim in this paper is to present it
since we think that it can be extended also in the case d > 3. Such a method generalizes the
beautiful proof of Lemma 2 of [2].
In fact, in that proof all the partitions of the set {x1, . . . , xr , y1, . . . , yn−r } have been con-
sidered, instead in our proof we distinguish the (partial) partitions that contain a number of
non-negative elements double with respect to negative ones and the (partial) partitions that
contain a double number of negative elements with respect to non-negative ones.
Finally, the references [4–11] contain results related to our problem.
2. NOTATIONS AND PRELIMINARY RESULTS
Let X = {x1, . . . , xr , y1, . . . , yn−r }. We shall say that a subset Y of X is positive [negative]
if
∑
y∈Y y ≥ 0
[
if
∑
y∈Y y < 0
]
. In the following we shall write any subset of X containing
q non-negative elements and s negative elements in the form
{xi1 , . . . , xiq , y j1 , . . . , y js },
where 1 ≤ i1 < · · · < iq ≤ r and 1 ≤ j1 < · · · < js ≤ n − r .
We shall refer to it as a subset of type
[+][+] · · · [+]︸ ︷︷ ︸
q-times
[−][−] · · · [−]︸ ︷︷ ︸
s-times
.
In particular, if q = 2s, we shall call {xi1 , . . . , xi2s , y j1 , . . . , y js } a subset of type {+ + −},
whereas if s = 2q we shall call {xi1 , . . . , xiq , y j1 , . . . , y j2q } a subset of type {+ − −}. Let
us note that in the case (2) we shall consider only subsets of type {+ + −}, whereas in the
case (3) subsets of both types will be considered.
We shall denote by φ(X, 3) the number of positive 3-subsets of X .
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Our aim is to show that φ(X, 3) ≥ (n−12 ).
If 1 ≤ i < j ≤ r and 1 ≤ k ≤ n − r , we shall set
G(i, j |k) = {{xl , xm, yh} : 1 ≤ l ≤ i, l < m ≤ j, 1 ≤ h ≤ k};
whereas if 1 ≤ i ≤ r and 1 ≤ j < k ≤ n − r , we shall set
G(i | j, k) = {{xl , ym, yh} : 1 ≤ l ≤ i, l ≤ m ≤ j,m < h ≤ k}.
Let us note that any element of G(i, j |k) is a positive 3-subset of X if {xi , x j , yk} is positive,
therefore φ(X, 3) ≥ |G(i, j |k)|. Analogously for G(i | j, k).
Thus we shall say that {xi , x j , yk} [{xi , y j , yk}] generates at least N positive 3-subsets of X
if {xi , x j , yk} [{xi , y j , yk}] is positive and if |G(i, j |k)| ≥ N [|G(i | j, k)| ≥ N ]. Let us observe
that
|G(i, j |k)| =
i∑
t=1
( j − t)k = ik
(
j − i + 1
2
)
(4)
and
|G(i | j, k)| =
j∑
t=1
(k − t)i = i j
(
k − j + 1
2
)
. (5)
We shall use the convention G(i |k) = G(i, r |k). Also, in this case any element of G(i |k) is a
positive 3-subset of X if {xi , yk} is positive, therefore φ(X, 3) ≥ |G(i |k)|. Hence we shall say
that {xi , yk} generates at least N positive 3-subsets of X if it is positive and if |G(i, k)| ≥ N .
Let Y = {xil , . . . , xil , y j1 , . . . , y j2l } be a subset of type {+ − −} and let σ, γ be the cyclic
permutations
σ = (i1 . . . il), γ = ( j2 j4 . . . j2l−2 j2l j2l−1 j2l−3 . . . j5 j3),
having orders l and 2l−1, respectively. Then we shall denote by Pab(Y ) the following partition
of Y with 3-subsets:
{xσ a(i1), y j1 , yγ b( j2)}
{xσ a(i2), yγ b( j3), yγ b( j4)}
...
{xσ a(il ), yγ b( j2l−1), yγ b( j2l )}
where 0 ≤ a ≤ l − 1, 0 ≤ b ≤ 2l − 2.
We shall call P00(Y ), P01(Y ), . . . , P0(2l−2)(Y ) the base partitions of Y of type {+ − −}
and all the remaining (l − 1)(2l − 1) partitions shall be called derivate partitions of Y of type
{+ − −}.
If Y = {xi1 , . . . , xi2l , y j1 , . . . , y jl } is a subset of type {+ + −} and σ, γ are the cyclic
permutations
σ = (i2i4 . . . i2l−2i2l i2l−1i2l−3 . . . i5i3), γ = ( j1 . . . jl),
we shall denote by Pab(Y ) the following partition of Y with 3-subsets:
{xi1 , xσ a(i2), yγ b( j1)}
{xσ a(i3), xσ a(i4), yγ b( j2)}
...
{xσ a(i2l−1), xσ a(i2l ), yγ b( jl)},
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where 0 ≤ a ≤ 2l − 2, 0 ≤ b ≤ l − 1.
We shall call P00(Y ), P10(Y ), . . . , P(2l−2)0(Y ) the base partitions of Y of type {+ + −}
and all the remaining (l − 1)(2l − 1) partitions shall be called derivate partitions of Y of type
{+ + −}.
Let us note that, in both previous cases, if we consider any Pab(Y ) as a subset of the set
{A ⊆ Y : |A| = 3}, it results that Pab(Y ) ∩ Pcd(Y ) = ∅ if (a, b) 6= (c, d).
LEMMA 1. Let Y = {xi1 , . . . , xil , y j1 , . . . , y j2l } be a positive subset of type {+−−}. Then
there exist at least (2l − 1)l positive 3-subsets of Y . An identical result holds also if Y =
{xi1 , . . . xi2l , y j1 , . . . , y jl } is a subset of type {+ + −}.
PROOF. If Y is a positive subset, any partition Pab(Y ) contains at least a positive 3-subset
of type [+][−][−]. Since such partitions are exactly (2l − 1)l and they are disjoint, at once
the result follows. 2
3. THE RESULT
At first we suppose r ≥ n2 (hypothesis (2) and r even. Let us consider the subset
Y = {x1, . . . , xr , yn− 32 r+1, yn− 32 r+2, . . . , yn−r }
of type {++−}. It is a positive subset of X since it contains all the non-negative elements and
a part of the negative ones. By Lemma 1 there then exist (r − 1) r2 positive 3-subsets and for
each of them extracted from a base partition of Y we can find other n − 32r positive 3-subsets
if we replace any y1, . . . , yn− 32 r respectively, in the place of the negative element. Hence we
obtain at least
(r − 1)r
2
+ (r − 1)
(
n − 3
2
r
)
= (r − 1)(n − r) (6)
positive 3-subsets of type [+][+][−]. Then
φ(X, 3) ≥
(
r
3
)
+ (r − 1)(n − r)
=
(
r − 1
2
)
+ (r − 1)(n − r)+
(
r − 1
3
)
≥
(
r − 1
2
)
+ (r − 1)(n − r)+
(
n − r
2
)
=
(
n − 1
2
)
,
since r ≥ n2 implies
(
r−1
3
)
>
(
n−r
2
)
.
Let now r≥ n2 with r odd and Y = Z ∪ W , where Z={x2, . . . , xr , yn− 3r−12 , yn− 3r−12 +1, . . . ,
yn−r−1} and W = {x1, yn−r }.
Y is a positive subset of X since it contains all the x1, . . . , xr and a part of the negative
elements; thus Z and W cannot be both negative subsets. If W is positive by (4) it results that
φ(X, 3) ≥ (r3)+ (r − 1)(n − r). Then we obtain φ(X, 3) ≥ (n−12 ) as in the case r even. If Z
is positive, since it is a subset of type {+ + −}, we can proceed as in the case r even and to
obtain at least (r − 2)(n − r − 1) positive 3-subsets. Also, this time it can be easily seen that
φ(X, 3) ≥
(
r
3
)
+ (r − 2)(n − r − 1) ≥
(
n − 1
2
)
.
This proves the
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PROPOSITION 1. Let n = 3u + v, with 5 ≤ u ≤ 9, v 6= 0. If r ≥ n2 then there exist at least(
n−1
2
)
positive 3-subsets of X.
In the following we can suppose then r < n2 , in both hypotheses (2) and (3). We shall show
only the line of proof for r even, the difference with r odd being essentially identical to that
shown in Proposition 1.
Moreover, we shall give only the scheme of the method and we shall omit the proofs that
the number of positive 3-subsets is greater than
(
n−1
2
)
.
Let us suppose therefore n = 3u + υ, υ = 1, 2, 5 ≤ u ≤ 30, u + 1 ≤ r ≤ u + 5 < 12 n, r
even.
We shall use the following subsets:
D1 = {x1, yn−r } 1st discriminant
D2 = {x1, yn−r−1, yn−r } 2nd discriminant
D3 = {x2, yn−r−2} 3rd discriminant.
Of course, if D2 is positive, D1 is also positive. In this case, by (5) D2 generates at least
(
n−r
2
)
positive 3-subsets of type [+][−][−], whereas by (4) D1 generates at least (n − r)(r − 1)
positive 3-subsets of type [+][+][−]. We then obtain
φ(X, 3) ≥
(
r
3
)
+ (r − 1)(n − r)+
(
n − r
2
)
=
(
r − 1
3
)
+
(
n − 1
2
)
if D2 is positive. In the remainder of this paper we shall therefore assume that D2 is negative.
Moreover, we shall also suppose that n > 16. Let us examine now three different cases, which
are exhaustives.
First case. D1 negative.
Let Y1 = X\D1. Since D1 is negative, Y1 must be positive. Let us consider the following
partition of Y1:
Y1 =
3r−n⋃
j=1
W 1j ,
where W 11 = {x3r−n+1, x3r−n+2, . . . , xr , y1, y2, . . . , y2(n−2r)}, W 12 = {x2, yn−r−1}, W 13 ={x3, yn−r−2}, . . . , W 13r−n = {x3r−n, y2(n−2r)+1}. At first we suppose W 11 is negative. Then
some W 1j , with j = 2, . . . , 3r − n, must be positive since Y1 is positive. Now it easy to check
that, if we set
m(r, n) = min{|G( j, n − r − j + 1)| : 2 ≤ j ≤ 3r − n},
such a minimum value is obtained when j = 2 or j = 3r − n; therefore by (4) it follows that
m(r, n) = min
{
2(n − r − 1)
(
r − 3
2
)
, (3r − n)(2n − 4r + 1)
(
n − r − 1
2
)}
=

84 if n = 17, r = 8
198 if n = 25, r = 12
2(n − r − 1)(r − 32) for all the other values of n and r
and one can verify that (
r
3
)
+ m(r, n) ≥
(
n − 1
2
)
. (7)
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since n > 16
(
let us note that if n = 16 and r = 6, (7) is not true since m(6, 16) = 81 and(6
3
)+ 81 < (152 )).
Therefore, if W 11 is negative, by (7) we have
φ(X, 3) ≥
(
r
3
)
+ m(r, n) ≥
(
n − 1
2
)
.
Hence we can assume W 11 is positive. Since it is of type {+−−}, by virtue of Lemma 1 there
exist at least 2(n − 2r) − 1 positive 3-subsets extracted from the base partitions of W 11 and
the other (2(n − 2r)− 1)(n − 2r − 1) positive 3-subsets extracted from the derivate partitions
of W 11 . At such positive 3-subsets we can adjoint other (3r − n)(2(n − 2r) − 1) positive
3-subsets replacing x1, . . . , x3r−n respectively, in the place of the positive element of each
positive 3-subsets extracted from the base partitions of W 11 . We then obtain at least
r(2(n − 2r)− 1) (8)
positive 3-subsets of type [+][−][−].
Let us examine now the partitions of type {+ + −}. Let
Z1 = {x1, . . . , xr , yn− 32 r+1, . . . , yn−r },
which is certainly positive. Since it is of type {+ + −}, by Lemma 1 there exist at least
r − 1 positive 3-subsets extracted from the base partitions of Z1 and other (r − 1)
(
r
2 − 1
)
positive 3-subsets extracted from the derivate partitions of Z1. Moreover, it needs to add
to such positive 3-subsets other (r − 1)(n − 32r) positive 3-subsets, which are obtained by
replacing y1, . . . , yn− 32 r respectively, in the place of the negative element of each positive3-subset extracted from the base partitions of Z1. We then find at least
(r − 1)(n − r) (9)
positive 3-subsets of type [+][+][−]. Then by (8) and (9) it follows that
φ(X, 3) ≥
(
r
3
)
+ (r − 1)(n − r)+ r(2(n − 2r)− 1),
and one can verify that(
r
3
)
+ (r − 1)(n − r)+ r(2(n − 2r)− 1) >
(
n − 1
2
)
. (10)
In the remainder of this paper we shall therefore assume that D1 is positive.
In this case we have
φ(X, 3) ≥ (n − r)(r − 1)+
(
r
3
)
(11)
In fact, by (4) D1 generates at least (n − r)(r − 1) positive 3-subsets, which are the elements
of G(1|n − r), i.e. the 3-subsets of the form
{x1, x j , yk}, (12)
where 2 ≤ j ≤ r and 1 ≤ k ≤ n − r .
Second case. D3 negative.
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Let Y2 = X\(D2 ∪ D3). From the negativity of D2 and D3 follows the positivity of Y2. Let us
consider the following partition of Y2:
Y2 =
3r−n⋃
j=1
W 2j ,
where W 21 = {x3r−n+2, x3r−n+3, . . . , xr , y1, y2, . . . , y2(n−2r−1)}, W 22 = {x3, yn−r−3}, W 23 ={x4, yn−r−4}, . . . , W 23r−n = {x3r−n+1, y2n−4r−1}.
At first we suppose W 21 to be negative. Then some W
2
j , with j ∈ {2, . . . , 3r − n}, must be
positive since Y2 is positive.
By (4) W 2j generates at least ( j + 1)(n − r − ( j + 1))
(
r − j+22
)
positive 3-subsets, which
are the elements of G( j + 1|n − r − ( j + 1)). Nevertheless, from these positive 3-subsets we
must delete those just considered in (12). Therefore, if we set
T 2j = G( j + 1|n − r − ( j + 1))\G(1|n − r),
it is clear that
T 2j = {{xl , xm, yh} : 2 ≤ l ≤ j + 1, l < m ≤ r, 1 ≤ h ≤ n − r − ( j + 1)}
and
|T 2j | = ( j + 1)(n − r − ( j + 1))
(
r − j + 2
2
)
− (r − 1)(n − r − ( j + 1))
= j (n − r − ( j + 1))
(
r − j + 3
2
)
.
Moreover, one can verify that
min{|T 2j | : 2 ≤ j ≤ 3r − n} = |T 22 | = 2(n − r − 3)
(
r − 52
)
= (n − r − 3)(2r − 5).
Hence by (11)
φ(X, 3) ≥
(
r
3
)
+ (n − r)(r − 1)+ (n − r − 3)(2r − 5) ≥
(
n − 1
2
)
. (13)
Therefore, we can assume W 21 is positive. Since W
2
1 is a subset of type {+−−}, by Lemma 1
there exist 2(n − 2r − 1)− 1 positive 3-subsets extracted from the base partitions of W 21 , and
other (2(n−2r −1)−1)(n−2r −2) positive 3-subsets which are extracted from the derivate
partitions of W 21 . It needs to add to such positive 3-subsets other
(3r − n + 1)(2(n − 2r − 1)− 1)
positive 3-subsets which are obtained replacing x1, x2, . . . , x3r−n+1 respectively, in the place
of the positive element of each positive 3-subset extracted from the base partitions of W 21 . In
this way we have obtained at least
r(2(n − 2r − 1)− 1) (14)
positive 3-subsets of type [+][−][−].
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Let now us examine the partitions of type {+ + −}. Let
Z2 = {x3, . . . , xr , yn− 32 r−2, yn− 32 r−1, . . . , yn−r−3}.
Z2 is certainly positive since it is a subset of Y2 (which is positive) and it contains all the
positive elements of Y2 and a part of the negative ones. Since Z2 is of type {+ + −}, by
Lemma 1 there exist at least (r −3) positive 3-subsets extracted from the base partitions of Z2
and other (r − 3)( r−22 − 1) extracted from the derivate partitions of Z2. Moreover, it needs to
add to such positive 3-subsets other (r−3)(n− 32r−3) positive 3-subsets, which are obtained
replacing y1, . . . , yn− 32 r−3 respectively, in the place of the negative element of each positive3-subsets extracted from the base partitions of Z2. We then find at least
(r − 3)(n − r − 3) (15)
positive 3-subsets of type [+][+][−], which are all distinct from those in (12). By (11), (14)
and (15) it then follows that
φ(X, 3) ≥
(
r
3
)
+ (n − r)(r − 1)+ (n − r − 3)(r − 3)+ r(2(n − 2r − 1)− 1),
and one can verify that(
r
3
)
+ (n − r)(r − 1)+ (n − r − 3)(r − 3)+ r(2(n − 2r − 1)− 1)
≥
(
n − 1
2
)
. (16)
Third case. D3 positive.
In the case D3 generates the elements of G(2|n − r − 2) and from these we must delete those
just counted in (12).
Therefore, since G(2|n − r − 2)\G(1|n − r) = {{x2, xl , x j } : 2 < l ≤ r, 1 ≤ j ≤ n − r − 2},
we have
|G(2|n − r − 2)\G(1|n − r)| = (r − 2)(n − r − 2).
Hence by (11)
φ(X, 3) ≥
(
r
3
)
+ (n − r)(r − 1)+ (r − 2)(n − r − 2),
and one can verify that(
r
3
)
+ (n − r)(r − 1)+ (r − 2)(n − r − 2) >
(
n − 1
2
)
if n > 17. (17)
REMARK 1. If we write n and r respectively, in the form n = 3u + υ, r = u + j , where
u ≥ 4, υ = 1, 2 and 1 ≤ j ≤ 5, by elementary calculus one can verify the validity of the
inequalities (7), (10), (13), (16), and (17), which we have obtained by our counting method. 2
Now we resume the previous method in the following scheme:
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Number of positive 3-subsets.(
r
0
)
in all cases (a)–(f), plus:
(a) r(2(n − 2r)− 1) of type [+][−][−] with partitions {+ − −} of W 11 ,
(r − 1)(n − r) of type [+][+][−] with partitions {+ + −} of Z1.
(b) (n − r − 1)(2r − 3) of type [+][+][−] generated by some W 1j .
(c) (r − 1)(n − r) of type [+][+][−] generated by D1,(
n−r
2
)
of type [+][−][−] generated by D2.
(d) r(2(n − 2r)− 1) of type [+][−][−] with partitions {+ − −} of W 21 ,
(r − 3)(n − r − 3) of type [+][+][−] with partitions {+ + −} of Z2,
(r − 1)(n − r) of type [+][+][−] generated by D1.
(e) (2r − 5)(n − r − 3) of type [+][+][−] generated by some W 2j ,
(r − 1)(n − r) of type [+][+][−] generated by D1.
(f) (r − 2)(n − r − 2) of type [+][+][−] generated by D3,
(r − 1)(n − r) of type [+][+][−] generated by D1.
REMARK 2. In the cases n = 13, 14, 16, 17 the previous method still works but it is nec-
essary to introduce further discriminants D4 = {x2, yn−r−3, yn−r−2} and D5 = {x3, yn−r−4}.
We give only the scheme of the process when n = 17 and r = 6: n = 17, r = 6, n − r = 11,(
n−1
2
)− (63) = 100.
D1 = {x1, y11}, D2 = {x1, y10, y11}, D3 = {x2, y9},
D4 = {x2, y8, y9}, D5 = {x3, y7}.
628 G. Marino and G. Chiaselotti
The number of positive 3-subsets:
(a) 54 of type [+][−][−] with partitions {+ − −} of {x2, . . . , x6, y1, . . . , y10},
55 of type [+][+][−] with partitions {+ + −} of {x1, . . . , x6, y9, y10, y11}.
(b) 55 of type [x1][+][−] generated by D1.
(c) (162 )+ (53) generated by D1 and D2.(d) 55 of type [x1][+][−] generated by D1,
24 of type [x3][+][−] with partitions {+ + −} of {x3, x4, x5, x6, y7, y8},
42 of type [+][−][−] with partitions {+ − −} of {x3, x4, x5, x6, x7, y1, . . . , y8}.
(e) 36 of type [x2][+][−] generated by D3.
(f) 55 of type [x1][+][−] generated by D1,
36 of type [x2][+][−] generated by D3,
72 of type [+][−][−] generated by D4.
(g) 55 of type [x1][+][−] generated by D1,
36 of type [x2[+][−] generated by D3,
35 of type [+][−][−] with partitions of {x4, x5, x6, y1, . . . , y6}.
(h) 55 of type [x1][+][−] generated by D1,
36 of type [x2][+][−] generated by D3,
21 of type [x3][+][−] generated by D5.
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